Apparent similarities between non-local theories of gravity and the so-called Ctheories are pointed out. It is shown that some simple C-theories can be mapped exactly into a previously considered type of ghost-free nonlocal gravity. This may introduce a useful tool to tackle some infinite-order derivative theories and raises the possibility of describing renormalisable gravity in a new context of D-theories.
Introduction
The success of Einsteins theory of gravity in physics has been formidable. Nevertheless, in current cosmology modified theories of gravity attract considerable attention within the community as means of explaining for instance the observations from supernovae that the universe is expanding at an accelerating pace [1] [2] . Besides the cosmological motivations to extend Einsteins General relativity at the infrared, the theory has singularities and remains unquantised at the ultraviolet; see [3] , [4] or [5] for recent reviews on modified theories of gravity.
The paper [6] proposed a general modified gravity framework dubbed C-theories because of their definition in terms of a conformal relation of the space-time connection to the metric. This framework provides, amongst other things, a smooth transition between the metric and Palatini variational principles [7] . For some applications of the Palatini variational principle to modified gravities and physical implications see [8, 9, 10, 11, 12, 13, 14, 15, 16] . The post-Newtonian (PPN) parameters were calculated in [17] and cosmological implications for the late time universe of this theory are considered in [18, 19] . For local metric theories, the f (R) class is well known to be a special case of ghostless higher order theories, whereas for the local Palatini theories, it was recently found [20] that the hybrid f (X) class of models [21] seems in a similar way unique in avoiding the higher order pathologies.
However, there may exist classes of non-local, i.e. infinite-order derivative theories of gravity that are ghost-free and furthermore asymptotically free and thus renormalisable [22] , see also [23, 24, 25, 26] . The particular conformal class of nonlocal models has been studied earlier [27] , [28] and shown to exhibit non-singular bouncing cosmological solutions [29] . These are defined solely in terms of the Ricci scalar and its covariant derivatives as in Eq.(1). They can be rewritten in terms of an infinite number of scalar fields and brought into the form of Einsteins theory by conformal transformations, which is why we refer to them as conformal nonlocal models here. For other non-local theories, see for instance [30] and references therein. For reviews on bouncing cosmologies and other related alternatives to inflation see [31, 32, 33] . The cosmological implications of conformal nonlocal theories have been studied with considerable effort [34, 35, 36, 37, 38, 39, 40, 41] . To highlight the latest word on the subject, in [42] it was claimed that these models could explain the low multipole results from Planck [43] . A related [44] non-analytic form of the theories on the other hand has been applied for late-time cosmological modification of gravity, see e.g. [45, 46, 47, 48, 49, 50] .
In this article we consider the connection between the C-theories and the conformal nonlocal modifications of gravity. We show that for certain subsets the theories have direct mappings between each other, proving them to be dynamically equivalent. We hope that these insights may prove useful to the further investigations of these theories.
Definitions of the theories in question

Non-local gravity
The non-local gravity models described in [29] can be defined by an action on the form
where F ( ) = n≥0 f n n is an analytic function of the d'Alembertian operator and d is the dimension of space-time. The series should not truncate at any finite n. Heuristically one could think of the series as a Taylor expansion of a function of the curvature: so gravitational interactions at a space-time point are not determined solely by the curvature at that point but rather the curvature field extending over a finite region.
C-theory
The C-theory framework introduced in [6] is defined by use of a conformal factor C which is a function of the Ricci curvature scalar R. That is we have two metrics, an unhatted metric responsible for the space-time geometry and a hatted one that generates the space-time connection, conformally related in the following way:
R µν being the Ricci tensor for the hatted metric. Using (2) we can get expressions for the hatted quantities in terms of the unhatted ones and C. However, since C depends on R which again depends on C it is in general an endless recursive process to get down to just unhatted quantities. Including C the process is straightforward:
In analogy with normal f (R) theories the action of the full C-theory is defined as
3. The connection between the two-metric C-theory and non-local gravity
As the expression determining R (3) is a recursive relation, that is it is a function of C which again is a function of R, the expression is in general given as an infinite series of differential operators, just like a non-local gravity. However, though this indicates a certain non-locality of any generic C-theory, the exact non-locality does not necessarily correspond to that of the conformal non-local models as defined by [29] .
Comparing the nonlocal action given in (1) to our C-theory we realise that the latter is a non-local gravity of this type if we can rewrite f (R) where R is given by (3) into something like R + RF ( ) R. Rewriting (3) to show the derivatives of R explicitly we get:
where ′ denotes derivatives with respect to R and h(C, d) is a function of C and its derivatives and the dimensionality of the space. Its exact form is:
Having the expression in this form (5) also facilitates our understanding of how the dimensionality of the theory comes into play. Whereas in the original expression (3) it seemed as if d = 6 was a special dimension, we now discover that this depends on the functional form of C. d = 1 is of course still a special dimension, where the C-theory always trivialises and R = R.
To be able to use partial integration to get an expression involving only d'Alembertians and not first order derivatives, we need the function h(C, d) given in (6) to be a constant with respect to variations in R. Otherwise, no matter how many times we partially integrate, a term proportional to (∂R)
2 will always remain. One way of doing this, which will also make the rest of the steps much easier, is to assume that (ln C) ′ is a constant, i.e. that C ∝ e αR , where α is a constant. Eq. (5) then becomes:
We realise that if we keep substituting for R with this expression into itself only one term will remain quadratic in the curvature, while all the other terms will involve higher orders of R in addition to different combinations of derivatives, and their coefficients will always be proportional to α (d − 1) (d − 2). What this observation means in terms of a more general theory is that the function h(C, d) given in (6) does not only need to be constant, it has to be 0 in the dimension d that we are looking at. This also means that no partial integration has to be performed on the Lagrangian to proceed, the possible equality with the quadratic and conformal nonlocal model is in fact exact at the level of the Lagrangian, or not present at all. In (7) we see that it is the two-dimensional case that stands out. Getting a closed expression is then not very difficult:
For dimensions different from d = 2, we make an ansatz on the form C ∝ (1 + AR)
x .
For the function h in (6) to be zero in this case, we see that x must take the value
, and that A can stay arbitrary. Then the infinite series for R becomes:
where
is an arbitrary constant that we can tune by choosing a suitable value for A. So the series has exactly the same functional form as in the two-dimensional case.
From general theories of differential equations it is easy to see that these are all the C-theories that could have equivalent non-local gravity partners of the kind described in [29] . What is then needed in order to see what theories we get is the form of f .
First we observe that in these cases if we put f (R) = R, or indeed make any other linear assumption for f , the theory seems to trivialise since the term is R plus a sum of total derivative terms. However, since the total derivative is formed via an infinite series it is unclear what the exact implications for the theory will be.
If we instead let f (R) take the form R + cR 2 , what we obtain is a theory with a term R + cR (1 + β ) −2 R, plus a total derivative term. Modulo the total derivative term this is in fact a theory of the kind described in [29] with the coefficients given by c n = c (n + 1) (−β) n . We also realise that if we let |β| > 1, though it is unclear whether the summation is valid in that case, the theory seems to be an inverse differential operator of the kind described in [45] , but with an added regulator of the type described in [51] . If we let f (R) take higher than quadratic order, it is no longer possible to have one i( ) operator acting only on one Ricci scalar R as we will always end up with products of (i( )R) (j( )R). Regardless of how we perform partial integrations these types of terms will be present. Therefore only the quadratic type f s map into conformal non-local gravities of the same kind as the ones in [29] .
On the specific model
To summarise our findings, in d = 4 the C-theory specified by the Lagrangian and the conformal relation of the connection,
respectively, is equivalent to the nonlocal model of the class (1) defined by the operator
A complete formalism to obtain the propagator for an arbitrary metric theory in flat space has been presented and applied to various cases in Refs. [22, 25, 20] , and here we shall only state the result of such analysis for the case at hand. We find that there are two poles. The masses and the residues associated to them are given by
respectively. Obviously, one of the new propagating degrees of freedom is a ghost. The exception is the degenerate case that β = −3c/4 and the poles coincide and the system behaves like the Pais-Uhlenbeck oscillator [52, 53] . Then the mass associated to the double pole with a vanishing residue is
So given c < 0 the model is stable.
Conclusion and outlook
In this communication we noted the apparent similarities between C-theories and nonlocal gravity. In particular, we showed that there is a unique one-parameter class of C-theory models that maps exactly into a ghost-free quadratic conformal nonlocal gravity model of type described for example in [29] . More generically C-theories could be described as non-quadratic gravity with an infinite-order derivative structure that characterises non-local theories. Thus in the specific C-theory one-to-one case studied here and more qualitatively in the generic case, the study of C-theories and conformal non-local theories of gravity may draw insights from each other. The field of conformal non-local gravity is both more vast and mature than that of C-theory and contains many theoretical insights and exact solutions especially in the high energy and inflationary context that C-theory may draw upon. The C-theory on the other hand comes with a handy two-scalar-field description [6] , which may be more convenient for numerical investigation also in the cases where no exact solutions can be found, as has been done in [18, 19] .
Though such conformal theories of the form F (R, ) can introduce new interesting phenomenology without ghosts, they cannot fully address the ultraviolet problems of Einstein's theory. One needs to include Weyl-type terms in the action in order to modify the graviton propagator, which then allows to construct potentially renormalisable theories, see e.g. [25] . In order to generalise our mapping into such less specific actions, we need to take into account also a disformal [54, 55] contribution to the relation between the two metrics underlying the spacetime structure, such aŝ
where the functions C and D can depend on general curvature terms like R andR µνR µν . The connections between such D-theories and nonlocal renormalisable gravity remain to be explored.
After the results from the Planck satellite [43] , there have been suggestions that inflation might not be the most favoured scenario for the early universe [42, 56, 57, 58] , and that cyclic or bouncing models may be favoured. Non-singular, ultraviolet complete gravity theories have predicted bouncing cosmologies, which could now also provide an explanation for the low power and odd correlations in the low multipoles observed by Planck. This certainly does not make investigations into non-local gravity related theories less interesting in the future.
